We derive topological string amplitudes on local Calabi-Yau manifolds in terms of polynomials in finitely many generators of special functions. These objects are defined globally in the moduli space and lead to a description of mirror symmetry at any point in the moduli space. Holomorphic ambiguities of the anomaly equations are fixed by global information obtained from boundary conditions at few special divisors in the moduli space. As an illustration we compute higher genus orbifold Gromov-Witten invariants for
Introduction
In this paper we apply the method proposed in [1, 2] to compute higher genus topological string amplitudes for local Calabi-Yau manifolds in terms of polynomials of a finite number of generating functions. The polynomial expression is globally defined and allows for an expansion of the topological string amplitudes at different points in moduli space. In particular we compute orbifold Gromov-Witten (GW) invariants which were recently studied on the physics and mathematics sides [3, 4, 5, 6] 1 and make predictions for higher genus orbifold invariants for 3 / 4 .
In [2] , it was shown that the non-holomorphic parts of the topological string amplitudes for any Calabi-Yau (CY) target space can be written as polynomials of a certain degree in a finite number of generators. This fact was proven by Yamaguchi and Yau [1] for the quintic as well as other one parameter CYs and relies on the holomorphic anomaly equations of Bershadsky, Cecotti, Ooguri and Vafa (BCOV) [7, 8] . These equations relate the antiholomorphic derivative of the genus g topological string amplitudes F (g) with holomorphic
derivatives of amplitudes of lower genus. The equations provide thus recursive information for the full topological string partition function Z = exp( λ 2g−2 F (g) ). BCOV proposed further how to use special geometry to recursively determine F (g) by partial integration once lower genus amplitudes are known. The polynomial method of [1, 2] provides an improvement in doing this computation. The polynomial part is fixed recursively at every genus once the lower genus polynomials are known. The deficiency of the recursive information contained in the anomaly equation lies in the additional purely holomorphic data which have to be determined by boundary conditions [8] . Knowledge of singularities and regularity of the amplitudes at various expansion points in moduli space has been pushed forward in [9] and was used together with Yamaguchi and Yau's polynomials to compute partition functions for the quintic to very high genus. The aim for our study is on one hand to understand details of the polynomial structure and the boundary conditions and on the other hand to demonstrate the power of this framework for computations of mathematical invariants at various expansion points in moduli space. 2 The outline of the paper is as follows. In the next section we review the results of [2] , discuss in detail the construction of the polynomial generators and analyze the freedom one has in choosing these. We identify the relevant boundary conditions at various expansion points and discuss how to use the fact that the polynomial expressions hold everywhere in moduli space to extract information. Then we apply this formalism to some well studied local Calabi-Yau threefolds, namely local È 2 which contains a 3 / 3 orbifold and local È 1 × È 1 as well as local 2 . The latter contains a 3 / 4 orbifold.
At the time of finishing this work a paper appeared [11] where the authors also use the polynomial construction to study local models.
2 Polynomial Method
Review of the Polynomial Structure of Topological Strings
In this section we review some of the results of [2] which are a generalization of [1] . The deformation space M of topological string theory, parameterized by coordinates z i , i = 1, ..., dim(M), carries the structure of a special Kähler manifold. 3 The ingredients of this structure are the Hodge line bundle L over M and the cubic couplings which are a holomorphic section of L 2 ⊗Sym 3 T * M. The metric on L is denoted by e −K with respect to some local trivialization and provides a Kähler potential for the special Kähler metric on M, G ij = ∂ i∂ j K . Special geometry further gives the following expression for the curvature
The topological string amplitude or partition function F (g) at genus g is a section of the line bundle L 2−2g over M. The correlation function at genus g with n insertions F 
Furthermore, in [8] it is shown that the genus g partition function is recursively related to lower genus partition functions. This is expressed for (2g − 2 + n) > 0 by the holomorphic anomaly equations
These equations, supplemented by [7] ∂īF
and special geometry, determine all correlation functions up to holomorphic ambiguities. In Eq. (4), χ is the Euler character of the manifold. A solution of the recursion equations is given in terms of Feynman rules [8] . The propagators S, S i , S ij for these Feynman rules are related to the three point couplings
By definition, the propagators S, S i and S ij are sections of the bundles L 
with ambiguity f
i . As can be seen from this expression, the non-holomorphicity of the correlation functions only comes from the propagators together with K i , in the following called generators. Indeed, in [2] it was proven by induction that this also holds for all partition functions F (g) , g > 1. One crucial step in this proof is that the integrated special
where s l ij denote holomorphic functions that are not fixed by the special geometry relation, allows to express the Christoffel connection in terms of the generators. A second important step is to show that the covariant derivatives of all generators are again expressed in terms of the generators [2] :
where h jk i , h j i , h i and h ij denote holomorphic functions. Assuming linear independence of C jk i and G iī , the holomorphic anomaly equations split into two equations
The last Eq. (13) can be rephrased as the condition that F (g) does not depend explicitly on K i by making a suitable change of generators
i.e. ∂F (g) /∂K i = 0 for F (g) as a function of the tilded generators. Finally, a U(1) grading 1, 2, 3 is assigned to the generators S ij , S i , S, respectively. The correlation functions F
are polynomials of degree 3g − 3 + n in the generators [2] . This finishes our review and we proceed with some practical comments.
Constructing the Propagators
The application of the polynomial method requires the construction of the propagators and determination of the holomorphic functions that appear in Eqs. (7) (8) (9) (10) (11) . It should be noted that the discussion in the following holds in general and can be applied both for compact and local models. First one starts by defining the propagators S ij , using the special geometry relation Eq. (7). We pick therefore a coordinate z * for which C * jk is invertible as a n × n matrix, this yields:
We begin by analyzing the freedom in the definition of the propagators which is related to a choice of holomorphic s l ij which have to satisfy constraints coming from the symmetry of S kl and from the special geometry relations Eq. (7) with i = * . A counting of components of s l ij minus constraints gives n 2 (n + 1)
This is equal to the number of components of a symmetric holomorphic E ij . 
In the next step we tackle Eq. (8) where it is obvious that h jk i for (i = j and i = k) can already be computed with no freedom left, also the differences h ii i − 2h ji j for i = j can be computed. This leaves us with n free holomorphic h ii i . These are related to a freedom in S i which we can define from Eq. (8)
Moving on to Eq. (9) we can now compute h i j with i = j and we obtain n − 1 relations h i i = h j j for i = j. This leaves the freedom to choose just one holomorphic h i i . Again this is related to a freedom in S which can be defined from Eq. (9)
The remaining h ij in Eq. (11) can now be computed from the choices already made. This whole analysis of freedom in defining the propagators shows that given a set of propagators one can always add holomorphic pieces to each one. Of course holomorphic shifts in S ij affect S i and S.
Holomorphic Freedom and Simplification
Choosing a set of propagators amounts thus to choosing their holomorphic parts, their nonholomorphic part is fixed by the defining Eqs. (5) . The freedom one has in the construction can be summarized as follows
all the holomorphic quantities in the polynomial setup change accordingly. So E ij , E i and E contain all the freedom in this polynomial setup. One special choice of propagators consistent with the Eqs. (8) (9) (10) (11) is such that their holomorphic part vanishes.
In that case, given the holomorphic limit of the connection parts as analyzed by BCOV [8] 
where t a denote special 4 coordinates and X 0 the period used to define these. All the holomorphic quantities in the equations become trivial apart from s l ij of Eq. (7) and h ij of Eq. (11) which are expressed by
This choice is of little use however as the polynomial part of the topological string amplitudes would be zero in the holomorphic limit and all the interesting information which allows to compute invariants would be encoded in the ambiguity. The goal is thus to use the insights of the polynomial structure coming from the non-holomorphic side of topological string theory to organize the amplitudes in a tractable form. In particular this means that we will try to absorb all the nontrivial series appearing in the holomorphic limit inside the holomorphic part of the propagators so that all remaining purely holomorphic quantities are simple closed expressions. Having done that the holomorphic ambiguity at every genus becomes a simple closed expression. The periods giving t a and X 0 are computed patch-wise in the moduli space of complex structures by solving the Picard-Fuchs system of differential equations. In general the solutions are given in terms of series which have a finite radius of convergence and hence s l ij and h ij will not have a closed form as can be seen from Eq. (27) . Our guideline for choosing the holomorphic part of the propagators is to keep these expressions simple. We note that there are cases where it is possible to both have propagators that vanish in the holomorphic limit and simple expressions for s l ij and h ij , namely in the cases where one has a:
• Constant Period
In local models the constant period is a solution of the Picard-Fuchs system, accordingly the holomorphic limit of derivatives of the Kähler potential vanish. If we take Eq. (11) as a definition for the propagator
we see from Eq. (26) that it is natural to choose its holomorphic limit to be zero which leads to vanishing h ij . In this case the holomorphic limit of the remaining propagator S vanishes too. This fact is referred to in the literature as triviality of these propagators for local models. We emphasize however that this actually only means that it is natural to choose the holomorphic limit of these propagators to be zero. The propagators are not zero as they still are local potentials for the anti-holomorphic Yukawa couplings according to the definition Eq. (5). The full topological string amplitudes expressed in terms of polynomials would still contain these quantities. Doing the computations in order to fix the ambiguity and to extract A-model invariants however does not require keeping track of these propagators.
•
Special Mirror Map
In the two parameter local models that we study we encounter the situation where one of the mirror maps just depends on one of the two parameters. From Eq. (26) we see that in that case the holomorphic limit of the Christoffel connection with mixed lower indices vanishes. The latter appears in the definition of the propagators (18) if we pick as * the coordinate on which the mirror map does not depend. Accordingly a simple s k ij leads to a trivial holomorphic limit for the corresponding propagator. In these cases we will later show that the corresponding propagators vanish identically and the models reduce effectively to one parameter models as noted before in [12] and in [3] .
Holomorphic ambiguity and boundary conditions
To reconstruct the full topological string amplitudes we have to determine the purely holomorphic part of the polynomial. This holomorphic ambiguity can be fixed by imposing various boundary conditions at special points in the moduli space. The leading behavior at large complex structure 5 was computed in [7, 8, 14, 15, 16] . In particular the contribution from constant maps is
where q a denote the exponentiated mirror maps at large radius. The leading singular behavior of the partition functions at a conifold locus has been determined in [7, 8, 17, 18, 15 ]
Here t c ∼ ∆ is the canonical coordinate at the discriminant locus ∆ = 0 of a simple conifold. In particular the leading singularity in (30) as well as the absence of subleading singular terms follows from the Schwinger loop computation of [15] , which computes the effect of the extra massless hypermultiplet in the space-time theory [19] . The singular structure and the "gap" of subleading singular terms have been also observed in the dual matrix model [20] and were first used in [13, 9] to fix the holomorphic ambiguity to very high genus. Note that the space-time derivation of [15] is not restricted to the conifold case and applies also to Calabi-Yau singularities which give rise to a different spectrum of extra massless vector and hypermultiplets in space-time. So more generally one expects the singular structure
with t c ∼ ∆ γ , γ > 0. The coefficient of the Schwinger loop integral is a weighted trace over the spin of the particles [19, 18] leading to the prediction b = n H − n V for the coefficient of the leading singular term. In section 3.3 we will consider an example with a singularity that gives rise to a SU(2) gauge theory in space-time and find agreement with the singular behavior and the generalized gap structure predicted by the Schwinger loop integral. The singular behavior is taken into account by the local ansatz
for the holomorphic ambiguity near ∆ = 0, where p(z i ) is a priori a series in the local coordinatesz i near the singularity. Patching together the local informations at all the singularities with the boundary divisors z i → ∞ for one or more i it follows however that the nominator p(z i ) is generically a polynomial of low degree in the z i . Here z i denote the natural coordinates centered at large complex structure, z i = 0 ∀i. Generically the F (g) , g > 1 are regular at a boundary divisor z i → ∞ from which it follows that the degree of p(z i ) in z i is smaller or equal to the maximum power of z i appearing in the discriminants in the denominator.
6
The finite number of coefficients in p(z i ) is constrained by (31) . In the computations for the local Calabi-Yau models considered below it turns out that the boundary conditions described above are sufficient to fix the holomorphic ambiguities.
Application to Local Mirror Symmetry
Mirror symmetry in topological string theory refers to the equivalence of the A-model on a family of target spaces X t which are related by deformations of Kähler structure on one side and the B-model on the family of target spaces Y z which are related by deformations of complex structure on the other side. The mirror map t(z), which represents the matching between the deformation spaces (moduli spaces) was first found at the large Kähler/Complex Structure expansion point [21] . This matching between the theories on both sides is believed to exist everywhere in the moduli space which has generically different phases [22, 23, 24] . The precise matching between the A-model and the B-model has to be found for each point in the moduli [8] . We will do this for special points in the case of some non-compact, i.e. local models. Local mirror symmetry has been developed in [25, 26, 27, 28, 29] . For reviews of many subsequent developments and a list of references see [30, 31] . The models we consider are described torically on the A-side. The A-side is most compactly described by giving the set of charge vectors l (a) with a = 1, . . . , dim h (1,1) (X). The number of components of each vector corresponds to the number of homogeneous coordinates on the toric variety. The B-model moduli space is described by the secondary fan which is obtained from the columns of the matrix of charge vectors. This description is very useful for obtaining the right coordinates describing each phase.
For the polynomial construction we analyze the information that can be obtained from each phase.
Local
2 , which can be obtained by taking one Kähler parameter of a two parameter compact Calabi-Yau to infinity. The compact CY is a torus fibration which is described by the charge vectors
We will denote by t 1 and t 2 the Kähler parameters of the base and the fiber respectively. The limit t 2 → i∞ corresponds to the decompactification. To take this limit we must find a linear combination of dual periods F t i which remains finite in this limit [28] . This combination is After the change of coordinates
this dual period is rephrased as ∂ t F (0) = − 1 6 t 2 + . . . , which can be integrated to give the prepotential of the local model. The "classical intersection" numbers in the basis given by t and s are then
With the expression for the Kähler potential in special coordinates
we find for the inverse tt * metric
where τ := F tt . The tt * metric appears in the definition of the propagators, here in special
which shows that in that limit the propagators S ts and S ss vanish.
We can describe local È 2 torically by the charge vector l = (−3, 1, 1, 1).
Local mirror symmetry associates to this non-compact toric variety a one dimensional local geometry [26, 27] described by
where u 1 , u 2 and u 3 are projective coordinates. The rescaling
Invariant combinations of a i under this action parameterize the moduli space of complex structures of the mirror geometry. Different phases on the B-side are encoded in the secondary fan which is one dimensional and shows that the moduli space of complex structures has two patches. These correspond on the A-model side to the 3 / 3 orbifold phase and to the blown up phase. The Picard Fuchs system in homogeneous coordinates is given by
We refer to the literature for a complete discussion of solutions of the Picard-Fuchs system for local È 2 , see for example [32] . We will rather focus on the ingredients that we use for applying the polynomial method. We fix the choices of the holomorphic quantities in the polynomial procedure at large complex structure.
Large Complex Structure
We use the induced (
. The good coordinate in this patch is hence given by z = 
We further need the starting amplitudes of the recursion
We need to supplement the polynomial part with the holomorphic ambiguity at every genus, which we determine by moving to other patches in the moduli space of the B-model.
Orbifold
We use the ( * ) 3 action to set a 1 , a 2 , a 3 → 1, a 0 → a 0 (a 1 a 2 a 3 ) 1/3 . The good invariant coordinate to parameterize this patch is given by x = a 0 (a 1 a 2 a 3 ) (1/3) , we find solutions for the 9 θ a := a 
Monodromy around large complex structure z → e 2πi z induces a transformation of the
3 .This describes an orbifold in the moduli space of the B-model and corresponds to a 3 / 3 target space on the A-side.
Now we need to write these periods in the form (1, t o , ∂ to F ) such that F is monodromy invariant. This is possible by identifying t o = ω 1 and ∂ to F = 1 6 ω 2 . We introduced the factor 1/6 in order to reproduce the genus zero Orbifold Gromov-Witten invariants that appeared in [3, 4] . Higher genus Orbifold invariants are only sensitive to the normalization of t o which we find to be 1. Our actual purpose for moving to this patch is to examine the behavior of the polynomial and to restrict the ansatz we have to make at large complex structure for the holomorphic ambiguity.
To do that we first note that the full expression for F (g) does not transform under a coordinate change in the complex structure moduli space 10 . To clarify this we look at a typical expression appearing in the BCOV Feynman graph expansion at genus g which would have the form F (g)
where all indices are contracted. Hence, the whole expression does not transform. In the polynomial formalism all quantities in F (g) i 1 ...in coming from the connections would also be expressed in terms of polynomial building blocks. We therefore only have to express the building blocks that we found at large complex structure in the new coordinates without worrying about tensor transformations of the indices. The only polynomial building block which survives when taking the holomorphic limit has the following expansion in
We further check that the polynomial part at every genus has a regular expansion in t o . The regularity of the polynomial expression depends on the choice of s z zz . Being sure that we have made an appropriate choice we can make an ansatz for the holomorphic ambiguity at large complex structure which is also regular at the orbifold and has the right singular behavior at the conifold,
One of the 2g − 1 coefficients in the ansatz is determined by the contribution of constant maps at large radius Eq. (29), the other 2g − 2 are determined by the gap condition at the conifold. To implement the gap condition we need to go to a patch where the coordinate is the discriminant.
Conifold
The coordinate on complex structure moduli space in this patch is given by
We solve the Picard-Fuchs system in terms of y and obtain the mirror map 
The normalization is such that F (g) (t c ) has the behavior described in Eq. (30) . Once the normalization is fixed a simple counting of conditions vs. unknowns shows that the recursion is completely determined up to arbitrary genus. We list some low genus Orbifold Gromov-Witten invariants in the appendix.
Local 0
Local 0 denotes the anti-canonical bundle over È 1 × È 1 , which is obtained by taking one
Kähler parameter of a three parameter compact Calabi-Yau to infinity. The compact CY is a torus fibration which is described by the charge vectors 
We denote by t 1 and t 2 the Kähler parameters of the base and by t 3 the Kähler parameter of the fiber. The limit t 3 → i∞ corresponds to the decompactification. Again, to take this limit we must find a linear combination of dual periods F t i which remains finite in this limit. This combination is
After the change of coordinates
this dual period becomes
Integrating this we obtain for the prepotential
where a denotes an arbitrary constant which drops out in constructing the propagators but nevertheless affects the classical term when we determine the Yukawa couplings 11 . We set this constant to zero. The nonzero "classical intersections" in the new coordinates are
uss = 2 , and C (0)
We can redo the analysis of taking s to infinity. We find in this case the following inverse tt * metric
This shows that all propagators containing s vanish in that limit. More interestingly the propagators S ut and S uu also vanish. It was already observed in [12] that local 0 is a two parameter problem which effectively reduces to a one parameter problem. In [3] it was argued that only the Kähler parameters that correspond to 2-cycle classes which are dual to 4-cycles which remain compact are true parameters of the theory. This limit shows this from a different point of view. Only one propagator S tt survives the decompactification.
It should be noted that we could still choose some non-zero holomorphic limit for the vanishing propagators as this analysis only shows the vanishing of their anti-holomorphic derivative, this would however be redundant. Now we can examine which holomorphic anomaly equations survive the decompactification. We find that ∂tF (g) and ∂ūF 
The mirror geometry is given by,
The rescaling
as only three rescalings are independent. The Picard-Fuchs system is given by 
t 2 = log z 2 + 2z 1 + 2z 2 + 3z 12 We absorb factors of 2π in the definition of t 1 , t 2 .
To make contact with our previous discussion we change t 1 and t 2 to t = t 1 and u = t 2 − t 1 by an SL(2, ) transformation, which changes the coordinates on the complex structure moduli space to
indeed we now find a mirror map which only depends on y 2 t(y 1 , y 2 ) = t 1 = log y 1 + 2y 1 + 3y
Calculating the holomorphic limit of the Christoffel connections we find the following simple expressions 
The data we choose for constructing the polynomial building blocks is
and all the other s k ij zero. With this data only the propagator S 11 survives in the holomorphic limit but we know from the preceding discussion that also non-holomorphically there exists just one propagator with two indices. We further find for the data of Eqs. (8-11)
out of all the other holomorphic data only h 11 2 is not zero in this setup but is not needed for the recursion. Now we still need the initial correlation functions to start the recursion. We only need one Yukawa coupling, namely
And we further need F (1) 1 to completely determine all the polynomials
To obtain a bound on the maximal powers of y 1 and y 2 that we have to allow in the ansatz of the ambiguity we move on to region II. 
Region II
This is the orbifold expansion point in [33] . It is an orbifold in the moduli space of complex structures but does not correspond to 3 / n target space on the A-model side. We find the right invariant coordinates in this patch to be
The mirror maps are given by
We find that the propagator S 11 (t 1 , t 2 ) is not regular on its own. We check however that the whole polynomial part of the amplitudes is regular. Here we show this for F (2) which is expressed in terms of t 1 and q 2 = e 
Now we have enough information to make an ansatz for the ambiguity in terms of large complex structure coordinates. The discussion is more transparent in terms of the right coordinates at large complex structure z 1 and z 2 . The problem is obviously symmetric in these coordinates. From region II we learn that we can make an ansatz which has as its highest degree monomials of the form z
where n refers to the highest degree of z 1 in the denominator in order to ensure regularity of the ansatz in x 1 . In region III we get the same statement with the degree of z 2 in the denominator. So we can make a symmetric ansatz in the coordinates z 1 and z 2 of maximal joint degree 2(2g −2). To fix the coefficients of the ansatz we have to use the gap condition at the conifold locus.
Conifold
To parameterize the expansion around the conifold locus we pick the coordinates:
the choice of the second coordinate is arbitrary, we only have to make sure that the coordinate is transverse to the discriminant. We solve the Picard-Fuchs equations and find the mirror maps
The propagator in the conifold coordinates now reads
A counting of independent conditions for the free parameters in the ambiguity ansatz is more involved in this case. One would think that there are infinitely many conditions as we can move in the u 2 direction. This fact has also another manifestation. Requiring the vanishing of all but the leading singularity in the conifold coordinate involves setting series in the other coordinates to zero. It turns out that the conditions are not unrelated. Once the correct normalization of the mirror map at the conifold is chosen we find that the gap conditions with the contribution from constant maps are enough to fix the ambiguity up to genus 4. We assume but cannot prove rigorously that this holds up to arbitrary genus. 
by decompactification. Much of the discussion here will follow the last example. The finite dual period in this case is
the dual period becomes
with a the arbitrary constant that we will set to zero. The nonzero "classical intersections" are the same as in the last model when we changed the Kähler parameters The analysis of taking s to infinity also gives the same result and again there exists only one non-trivial propagator S tt and one holomorphic anomaly equation for the non-compact model. Local 2 is described by the charge vectors
which represents a È 1 fibered over È 1 . t 1 will denote the Kähler parameter corresponding to the fiber and t 2 coresponds to the base. The mirror geometry is given by,
The Picard-Fuchs operators are
Large Complex Structure, Region I
In this region of the secondary fan we use the * 3 -action to set a 0 , a 2 , a 4 → 1 and
2 a 3 a 4 (alternatively a 0 , a 2 , a 3 → 1 and a 1 → a
2 a 3 a 4 ). In both cases the good * 3 -invariant coordinates are given by
We find for the mirror maps
As the second mirror map only depends on z 2 , the holomorphic limit of Christoffel connections with upper index 2 and mixed lower indices vanish. We choose as holomorphic data
It is also possible to choose s such that only the propagator S 11 survives. This is due to the special form of the mirror map. We will not need these for the recursion. All other s k ij are set to zero. We find for the other holomorphic quantities
also h 11 2 is nonzero but again not needed in the following. All the other holomorphic quantities are zero. The only Yukawa coupling relevant for the setup is given by
There are however two discriminants, the second is given by ∆ 2 = 1 − 4z 2 . We will exmine the locus where ∆ 2 = 0 later on.
From arguments in sect. 2.3. and equation (31) it follows that the holomorphic ambiguity has the form
, see below for a careful study of the local expansions at the singular loci. Furthermore the regularity of the polynomial part of the amplitudes at the orbifold expansion point in region III allows us again to put some bounds on the monomials that appear in f g (z 1 , z 2 ). We find that the monomial of maximal degree at genus g has the form z 
Orbifold, Region III
In region III (orbifold region) of the secondary fan, i.e. a 1 , a 3 , a 4 = 0 we use the * 3 -action to set a 1 , a 3 , a 4 → 1 and a 0 → a 0 a
Therefore the good * 3 -invariant coordinates are given by
Under monodromy at large complex structure z 1 → exp(2πi)z 1 we have x 1 → αx 1 and x 2 → x 2 with α = exp(−2πi/2). Under z 2 → exp(2πi)z 2 we have x 1 → βx 1 and x 2 → β 2 x 2 with β = exp(−2πi/4). We fix the basis of solutions to the Picard-Fuchs equations
such that they transform under the monodromy as
We want to write this set of solutions in the form (1, t 1 , t 2 , ∂ t 1 F ) such that F is monodromy invariant. The only possibility is given by t 1 ∝ w 1 , t 2 ∝ w 2 and ∂ t 1 F ∝ w 3 . We normalize the mirror maps as
with inverse
and we normalize the prepotential as
to obtain the correct Orbifold Gromov-Witten invariants at genus zero which were computed in [6, 5] . We read off the orbifold Gromov-Witten invariants at genus g from the expansion of the topological string amplitudes on the A-model side in the two mirror maps t 1 and t 2 according to the formula
where N orb g,(n 1 ,n 2 ) denote the orbifold Gromov-Witten invariants. The results agree for genus 0 and 1 with [5, 6] . The higher genus invariants are new results of our analysis. We list these invariants up to genus 4 in the appendix.
Conifold, ∆ 1 = 0
We take coordinates
and find the mirror maps t 1 (y 1 , y 2 ) = y 1 + 87y As we can again move in the y 2 direction we could implement the gap condition at infinitely many different points. In this model we furthermore have a second discriminant. We will examine the behavior of the amplitudes at the locus where that discriminant vanishes in the following.
Singularity at ∆ 2 = 0
We choose as coordinates
and find the mirror maps
corresponding to γ = 1/2 in (31). At the singular locus ∆ 2 = 0 the space-time spectrum contains extra massless states from an enhanced SU(2) gauge symmetry with one adjoint hypermultiplet [34] . According to eq.(31) the theory is regular due to the cancellation of the effects of the equal number of extra massless hyper and vector multiplets, b = 0. We find that the expansion of the polynomial part of the amplitudes is already regular in t 2 ; this allows us to further restrict the ansatz of the holomorphic ambiguity to be of the form
Regularity at the orbifold expansion point requires the monomials to be of the type z and maximal degree of n = 2(2g − 2). Once we have normalized the mirror map at the conifold locus to obtain the prefactor of Eq. (30) we find that the conditions obtained from implementing the gap are enough to supplement the polynomial part of the amplitudes with the correct holomorphic ambiguities. We refer to the appendix for the results. Since the gap conditions hold at infinitely many points, it is plausible that these boundary conditions might be sufficient for arbitrary genus. This finishes our analysis of the examples of the polynomial construction on local models.
Conclusion
In this paper we studied the polynomial construction of [1, 2] in the case of local CalabiYau manifolds. The polynomials provide expressions for the topological string amplitudes everywhere in moduli space. This can be used to study the topological string at different expansion points. In particular we analyzed the freedom in choosing the polynomial building blocks and how to exploit this freedom elaborately to maximize the information that can be obtained from various expansion points. We further clarified which simplifications can occur in the formalism on the computational side when local models are studied. As examples we studied local È 2 , local 0 and local 2 . An immediate application of the construction is the possibility to extract Orbifold Gromov-Witten invariants which have been already computed for 3 / 3 and to make predictions for higher genus Orbifold GW invariants for 3 / 4 .
A simple counting for local È 2 shows that the information coming from the boundary conditions is enough to supplement the polynomials with the right holomorphic ambiguity at every genus. For the other two models we argue that the information coming from boundary conditions is enough for all genera but we cannot demonstrate this rigorously. However it appears that the boundary conditions at the various boundary divisors and divisors with extra massless states should provide enough information in general. Further information can be obtained by studying intersections of the singular divisors which are often described also by eq. (30) , with extra massless states at the intersection point. Having a powerful alternative computation method could help pushing forward the understanding in some directions which have been explored recently. The polynomial construction of topological string amplitudes applies also to compactifications with background D-branes [35, 2, 36] . It should be straightfoward to work out the corresponding boundary conditions also for this case and fix the holomorphic ambiguity along the lines of the above arguments.
A The Ambiguities
Using the method described in this work we obtained polynomial expression for the topological string partition functions. In this appendix we give the explicit expressions of some of the holomorphic ambiguities fixed by the method discussed in the main part of this paper.
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A.2 Local 0
In the following all f (g) are multiplied by ∆ 2−2g to give the ambiguity at genus g. 
